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Chiral d-wave superconducting state in the core of a doubly quantized s-wave vortex
in graphene
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Department of Physics and Astronomy, Uppsala University, Box 516, S-751 20 Uppsala, Sweden
(Dated: July 24, 2018)
We show that the intrinsic chiral (dx2−y2± idxy)-wave superconducting pairing in doped graphene
is significantly strengthened in the core region of a doubly quantized s-wave superconducting vortex
produced in a graphene-superconductor hybrid structure. The chiral d-wave state is induced by the
proximity effect, which transfers the center-of-mass angular momentum of the s-wave vortex to the
orbital angular momentum of the chiral d-wave Cooper pairs. The proximity effect is enhanced by
the circular geometry of the vortex and we find a [1 + (T − Tc,J)
2]−1 temperature dependence for
the chiral d-wave core amplitude, where Tc,J is its intrinsic bulk transition temperature. We further
propose to detect the chiral d-wave state by studying the temperature dependence of the low-energy
local density of states in the vortex core, which displays a sudden radial change as function of the
strength of the d-wave core state.
PACS numbers: 74.45.+c, 74.20.Rp, 74.20.Mn, 74.70.Wz
I. INTRODUCTION
Neutral graphene is, due to a vanishing density of
states and low dimensionality, not prone to develop
any symmetry breaking orders. However, several re-
cent renormalization group studies have shown a chi-
ral spin-singlet dx2−y2 ± idxy (d ± id′) state emerging
from electron-electron interactions when approaching the
van Hove singularity at 1/4 electron (or hole) doping.1–3
These results are consistent with investigations of strong
interaction effects at lower doping levels.4–8 The time-
reversal symmetry breaking d ± id′ combination is dic-
tated by the sixfold symmetry of the honeycomb lat-
tice, which makes the two d-wave pairing channels
degenerate.4,9
Experimental detection of the chiral d-wave state in
graphene would require achieving very high doping lev-
els, while still avoiding excessive impurity scattering,
which suppresses superconductivity. A complementary
approach would be to engineer a system where the
intrinsic d ± id′ superconducting pairing is enhanced.
This would allow detection of the chiral d-wave state in
graphene at lower doping levels and/or higher tempera-
tures. One obvious candidate for enhancing the intrin-
sic pairing is a graphene-superconductor hybrid struc-
ture, where superconductivity is induced in graphene
by proximity effect. By depositing conventional spin-
singlet s-wave superconducting contacts on graphene,
proximity-induced superconductivity has already been
demonstrated in graphene.10–12 Unfortunately, there is
no direct coupling between an s-wave proximity-induced
superconducting state and that of the intrinsic d ± id′
pairing, due to the different orbital symmetries of the
Cooper pairs.4,13 Depositing a high-temperature cuprate
d-wave superconductor on graphene would circumvent
this problem. Theoretically, d-wave contact Josephson
junctions have been shown to significantly enhance the
effect of the intrinsic d± id′-wave pairing correlations.14
However, such systems face significant material interface
problems and have not yet been realized.
The fundamental problem in this case with conven-
tional s-wave superconductors is the zero orbital angular
momentum of the Cooper pairs. By creating a supercon-
ducting vortex with ∆ = |∆|einθ, where θ is the in-plane
angular coordinate, we can, however, generate a center-
of-mass angular momentum Lˆc.m.z ∆ = n~∆. In the vor-
tex core this center-of-mass angular momentum can then
be transferred into an orbital angular momentum.15–17
For the chiral d± id′-wave states the orbital angular mo-
mentum is Lˆorbz ∆ = ±2~∆. Thus, this process would
require a doubly quantized n = ±2 vortex in an s-wave
superconductor.15
Singly quantized superconducting vortices (n = ±1)
in neutral graphene have received a fair amount of atten-
tion due to the existence of two zero-energy core states,18
although the energy levels split when going beyond a con-
tinuum model description.19 The zero-energy core states
have been argued to induce topological order in the vor-
tex core.20,21 Here we instead consider n = ±2 vortices in
doped graphene, and there are then, in general, no zero-
energy states.22 Although multiquantum vortices are less
stable than singly quantized versions, they have been ob-
served in type-I superconducting thin films at high mag-
netic fields.23 They can also be formed in superconduc-
tors having columnar or larger defects acting as pinning
centers.24,25 It should therefore hopefully be experimen-
tally feasible to generate doubly quantized vortices in a
conventional s-wave superconductor in proximity-contact
with a graphene sheet.
In this article we establish the existence of chiral d±id′-
wave superconducting states inside a doubly quantized
vortex in an s-wave superconducting graphene sheet.
Due to a strong proximity effect the d ± id′-wave states
survive up to temperatures of the order of the transition
temperature of the proximity-induced s-wave order, even
if the intrinsic bulk d±id′-wave transition temperature is
only a very small fraction of that value. We establish the
nature of this proximity effect as well as its functional
2temperature dependence. Furthermore, we demonstrate
how the presence of the d± id′-wave core alters the low-
energy local density of states in the vortex, which should
be detectable by local scanning tunneling spectroscopy
(STS).
II. METHOD
We use a nearest neighbor tight-binding Hamiltonian
on the honeycomb lattice to model the pi-band structure
of graphene:
H0 =− t
∑
〈i,j〉,σ
c†iσcjσ + µ
∑
iσ
c†iσciσ. (1)
Here c†iσ creates an electron on the ith lattice site with
spin σ, t is the nearest neighbor hopping amplitude, and
µ is the chemical potential. For simplicity we set t = 1
and the lattice constant a = 1. We further assume a high
doping level in the graphene sheet, due to the external
superconductor, and set µ = 0.5 unless otherwise stated.
With the graphene sheet in close contact with a con-
ventional spin-singlet s-wave superconductor, we model
the proximity-induced superconducting state in graphene
as
HU =
∑
i
∆U (i)c
†
i↑c
†
i↓ +H.c.. (2)
We can solve the lattice Hamiltonian H = H0 + HU
within the Bogoliubov-de Gennes framework13,26–28 by
writing
H = X†HX with X† = (c†i↑, ci↓), (3)
and then diagonalize the matrix H to find the eigenvalues
Eν and eigenvectors V ν , where ν = 1, 2, ..., 2N for N lat-
tice sites. By using the eigenoperators Y † = (γ†ν) defined
by X = VY , where the columns of V are the eigenvectors
V ν , the Hamiltonian H is diagonal, H =
∑
ν E
νγ†νγν ,
and the eigenvalues/vectors can be used to calculate any
electronic property of the system. By assuming a con-
stant on-site pair potential U originating from the ex-
ternal superconductor, we can self-consistently calculate
the proximity-induced pairing using the self-consistency
condition ∆U (i) = −U〈ci↓ci↑〉. The self-consistent loop
starts with guessing ∆U (i), diagonalizing H for this ∆U ,
using the self-consistency condition to recalculate ∆U
from the eigenvalues and eigenvectors, and then reiterat-
ing until the change in the order parameter ∆U between
two subsequent steps is less than a predetermined con-
vergence limit. Instead of using U as a measure of the
strength of the proximity-induced superconducting state
we below use the experimentally more accessible tran-
sition temperature Tc,U . To model a superconducting
vortex we impose the phase rotation ∆U = |∆U |einθ on
the order parameter, with n = ±2 for a doubly quantized
vortex. While computational demands limit the lattice
size, and thus force a relatively short superconducting
coherence length with accompanied narrow vortex cores,
we have checked that our main conclusions are largely
independent of the strength of the proximity-induced su-
perconducting state.
In addition to the proximity-induced superconducting
state, we also assume (weak) intrinsic superconducting
pairing in graphene originating from repulsive electron-
electron interactions.1–3 The high density of states near
the van Hove singularity efficiently screens long-range
electron-electron interactions leaving only short-range re-
pulsion, which has been shown to result in pairing that
is well localized in real space.3 With results showing no
difference in the superconducting state between pairing
on nearest neighbors and next nearest neighbors, even
in the presence of defects such as edges,28 we choose to
model the intrinsic chiral d-wave pairing correlations as
a simple spin-singlet nearest neighbor pairing:4
HJ =
∑
i,δ
∆Jδ(i)(c
†
i↑c
†
i+δ↓ − c†i↓c†i+δ↑) + H.c., (4)
where δ = 1, 2, 3 labels the three inequivalent nearest
neighbor bonds. We solve self-consistently also for the
intrinsic order parameter using ∆Jδ(i) = −J〈ci↓ci+δ↑ −
ci↑ci+δ↓〉, where J is the parametrization of the strength
of the intrinsic pairing. We do not assume any relation-
ships between the three different components of ∆Jδ in
each unit cell and thus there are three different symme-
try solutions. The favored bulk solution of H0+HJ with
transition temperature Tc,J is ∆J,d; a twofold degener-
ate state with chiral d ± id′ symmetry in the Brillouin
zone.4 Note that the appearance of chiral d ± id′-wave
symmetry is dictated by the symmetry of the honeycomb
lattice, where the sixfold lattice symmetry forces the two
fourfold dx2−y2 - and dxy-wave solutions to become de-
generate. The third bulk solution to H0+HJ is ∆J,s; an
extended s-wave solution with equal order parameters
on all three nearest neighbor bonds.4,29 In the bulk, this
solution only appears subdominantly or at very strong
pairing J . However, in the presence of an external s-
wave superconductor HU , there is a very strong proxim-
ity coupling between the two s-wave states,4,13 such that
the extended s-wave state can exist up to temperatures
comparable to Tc,U even if its intrinsic transition tem-
perature is much lower, see Fig. 2(c). Thus, for the full
system Htot = H0+HU +HJ , we always have both finite
∆U and ∆J,s in the bulk. It is only in regions where the
proximity-induced state ∆U is heavily suppressed, such
as in a vortex core, that the d-wave symmetry solutions
of HJ have any chance of appearing. That such d-wave
states indeed nucleate in n = ±2 vortex cores is shown
below. The bulk superconducting energy gap found for
finite J exceeds that of J = 0 due to the strong coupling
between the two s-wave states. Thus, when comparing
solutions with and without d-wave vortex core states, we
cannot just compare solutions with and without J , we
need to also adjust U to Ueff > U for J = 0, in order to
regain the same bulk superconducting energy gap for the
3two cases.
III. RESULTS
A. Vortex order parameters
We solve Htot = H0 + HU + HJ self-consistently
for both ∆U and ∆J on a finite honeycomb lattice
with an imposed 4pi vortex rotation for ∆U within the
Bogoliubov-de Gennes framework26 as described above.
This generates an n = 2 vortex in the ∆U order pa-
rameter, as seen in Figs. 1(a-b). The amplitude of the
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FIG. 1: (a) Order parameter amplitudes in an n = 2
proximity-induced s-wave vortex in graphene. The d-wave
amplitudes have been multiplied by 4. Contour plots of the
amplitudes of the (b) ∆U s-wave, (c) ∆J,s extended s-wave,
(d) ∆J,d d+ id
′-wave, and (e) ∆J,d d− id
′-wave order parame-
ters with line spacing 0.004 and with white lines representing
zero. Phase winding around the vortex is 4pi for both s states,
0 for the d+ id′ state, and 8pi for the d− id′ states. Here the
temperature T = 0, U = 1.7, µ = 0.5, and J = 0.88, corre-
sponding to Tc,J = 0.1Tc,U .
order parameter in the core region of an n = 2 vortex
decreases as |∆(r)| ∼ r2, in contrast to the narrower, lin-
ear decrease found for n = 1,30,31 and is evident in the
parabolic shape of the s-wave vortex profile in Fig. 1(a).
For J > 0 we also find a finite ∆J,s, as seen in Fig. 1(c),
with the same 4pi phase winding around the core as ∆U .
This is due to the very strong coupling between the two
s-wave states. Even though a finite ∆J,d solution exists
in doped graphene at T = 0, the d-wave solution can only
appear when the proximity-induced s-wave state is heav-
ily suppressed. In the vortex core, both s-wave order
parameters necessarily go to zero to avoid multivalue-
ness, but instead we find finite d-wave order parameters
in the core, as shown in Figs. 1(d-e), as predicted.15 For
the d + id′ solution the Lˆorbz ∆ = 2~∆ internal orbital
angular momentum can fully absorb the Lˆc.m.z ∆ = 2~∆
center-of-mass angular momentum associated with the s-
wave vortex phase winding. We can thus have a finite,
zero-phase winding, d + id′ solution in the center of the
core. For the accompanied d − id′ solution the two an-
gular momenta instead add to a total phase winding of
8pi around the vortex core. The d− id′ state is therefore
zero in the center of the vortex, as seen in Fig. 1(e). For
an n = −2 vortex, the role of the two chiral d± id′-wave
states are naturally reversed. The spatial threefold sym-
metric structure of the d ± id′ states follow the nearest
neighbor bond directions on which the order parameters
are defined. The symmetry structure is akin to the four-
fold pattern found for the chiral p±ip′ states in the core of
a d-wave vortex in fourfold symmetric high-temperature
cuprate superconductors, following a similar transfer of
center-of-mass angular momentum to orbital angular mo-
mentum in the vortex core.32
B. Origin of the d± id′ core states
In Fig. 1 the temperature was set to absolute zero.
It is then expected that d-wave solutions appear in the
vortex core,15 also since the transition temperature Tc,J
for intrinsic pairing is finite at finite doping. What we
are interested in is if the proximity-induced s-wave order
parameter can enhance the d-wave state. Clearly, ∆U
helps the ∆J,s state in the bulk. However, since these
two states have the same orbital symmetry, they will be
experimentally nearly indistinguishable, i.e. it will be es-
sentially impossible to tell if the bulk gap is due only to
the proximity effect or if it is also enhanced by a (weak)
intrinsic pair potential J . For the d-wave states the situ-
ation is very different. The d-wave solutions both have a
very different spatial extent, only being large in the vor-
tex core, and they have very different physical properties
due to their chiral nature.
In Fig. 2 we show the temperature dependence of the
maximum amplitude of the d+id′ core state, with crosses
marking the bulk Tc,J = 1% and 10% of Tc,U for the two
cases displayed. There is a remarkable enhancement of
the d + id′ (and d − id′, not shown) state far beyond
its intrinsic transition temperature. Despite the, per-
design weak, intrinsic pairing, there exists a finite d+ id′
state in the vortex core up to temperatures comparable to
the proximity-induced transition temperature. Since the
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FIG. 2: (Color online) (a) Temperature dependence of the
d + id′-wave core state amplitude (solid lines) for U = 1.8,
µ = 0.5, J = 0.7 (Tc,J = 0.01Tc,U ) (black) and J = 0.92
(Tc,J = 0.1Tc,U ) (red). Fits to Eq. (6) with C = 1.1 and
C = 1.4 (dashed lines). Crosses mark the bulk Tc,J . (b)
Zero-temperature amplitude of the core d + id′ (solid lines)
and d−id′ (dashed lines) states as a function of the amplitude
of the extended s-wave order in the bulk for µ = 0.5 (black,
×) and 0.2 (green, ◦) for multiple values of U and Tc,J in the
range (0.01 − 0.1)Tc,U . Dotted lines mark linear dependence
with slopes 0.1 and 0.4, respectively. (c) Order parameters
∆U (thick line) and ∆J,s (solid) in the bulk as a function
of temperature for U = 1.8, µ = 0.5, J = 0.7 (black), and
J = 0.92 (red), i.e., same parameters as in (a). U = 0 instead
gives only finite ∆J,d (dashed line, multiplied by 4).
intrinsic pairing can be assumed to be weak in graphene,
with a very low Tc,J , the fact that a d+id
′ state is present
even far above Tc,J might be of crucial importance for
experimental detection.
The d+ id′ core state and its temperature dependence
are due to the proximity effect in a circular hole region.
Starting from the Ginzburg-Landau free energy for a su-
perconducting order parameter Ψ, and studying a normal
metallic (N) circular hole region of radius R0 inside a su-
perconductor (S), we find
1
r
d
dr
(
r
dΨ(r)
dr
)
=
1
ξ2N
Ψ(r) (5)
for the order parameter in the normal hole region, where
ξN is the decay length of Ψ in the normal region. Equa-
tion (5) has solutions Ψ(r) ∝ J0(ir/ξN ), where J is a
Bessel function of the first kind. As a boundary con-
dition we use Ψ(R0) = A, with A being the value of
the order parameter just inside the perimeter of the
hole region. With this, we find the order parameter in
the middle of the hole to be Ψ(0) = A/J0(iR0/ξN ) ≈
A[1 + (R0/ξN )
2]−1 for ξN ≫ R0. For a vortex core in
graphene we can approximate R0 ∼ ξS = ~vF /Eg, with
vF being the Fermi velocity and Eg the superconducting
energy gap.22 Furthermore, with the normal hole region
in fact being a weak superconductor above its transition
temperature Tc,J , the decay length in the clean limit is
ξN = ~vF /[2pikB(T − Tc,J)].14,33 We would thus expect
the temperature dependence of the d-wave state in the
vortex core to be of the form
∆J,d(T ) =
∆J,d(T = 0)
1 +
(
2piC(T−Tc,J )
Eg
)2 . (6)
Here C is a constant of order 1, accounting for the vor-
tex size in units of ξS . Also, based on the numerical
results in Fig. 2(a) we have replaced ∆J,d(T = Tc,J) with
∆J,d(T = 0). In Fig. 2(a), the dashed lines are fits to
Eq. (6) with C = 1.1 (black) and C = 1.4 (red). We thus
find excellent agreement between the numerically estab-
lished temperature dependence and a simple proximity-
effect model.
Beyond the temperature dependence we also need to
establish the origin of the finite d+ id′ state at zero tem-
perature. In Fig. 2(b) we plot the maximum of the d+id′
(and d − id′) amplitude in the vortex core as a function
of the amplitude of the extended s-wave state in the bulk
far from the vortex. We find a direct, approximately lin-
ear, relationship between these two quantities, although
the proportionality constant is dependent on the doping
level. We thus conclude that the finite d+ id′ state in the
vortex core is a result of a multiple-step proximity effect.
First, the external s-wave superconductor induces a uni-
form s-wave state in the graphene. Then this uniform
s-wave state couples strongly to the intrinsic extended s-
wave state ∆J,s. The strong coupling between these two
states is shown by the lack of temperature dependence for
∆J,s, valid for essentially all temperatures below Tc,U , as
seen in Fig. 2(c). Finally, the extended s-wave state is
transformed by the proximity effect into the d+ id′ state
in the vortex core, with the vortex phase winding rotat-
ing into the orbital part of the Cooper pairs.
The d ± id′ states are heavily enhanced due to the
above-described multiple-step proximity process, creat-
ing finite d ± id′ core states far above the intrinsic Tc,J .
Figure 2(c) shows the large difference in temperature de-
pendence between the bulk d±id′ states and both s-wave
states, which by proximity effect determine the core d±id
states through Eq. (6). Large proximity effects have been
observed and modeled before in so-called weak supercon-
ducting links for T > Tc,
33–35 including graphene SNS
junctions with d-wave superconducting contacts.14 The
present case is different in two regards. First, the circu-
lar geometry of the vortex creates an even more enhanced
proximity effect. In a linear SN junction there is an ex-
ponential decay of the order parameter into the N region,
whereas for a circular geometry, there is a power-law de-
cay. Second, the vortex is created in an s-wave supercon-
ductor, whereas the proximity-enhanced core state has a
d ± id-wave symmetry. The mismatch in orbital angu-
lar momentum of the Cooper pairs is compensated by
different phase windings around the vortex core.
5C. Quasiparticle core states
We have so far established the presence of chiral d-
wave core states in a doubly quantized s-wave vortex in
graphene, even far above the intrinsic transition temper-
ature for the d-wave states. Often a subdominant super-
conducting order parameter nucleating in the center of a
vortex core gaps the low-energy vortex quasiparticles. It
can thus, in principle, be detected through the lack of vor-
tex core states, using e.g. STS. The d±id′ states are fully
gapped superconductors in the bulk but they have gap-
less chiral edge modes.36–38 Thus, while the d± id′ states
gap the original vortex quasiparticles, they reintroduce
low-energy states in the vortex core through their edge
states. We therefore do not expect any characteristic sig-
nals in the energy levels of the vortex core from a finite
chiral d-wave core state. However, we numerically find a
notable spatial difference between the original low-energy
vortex core states and the d±id′ edge states. For an n = 2
s-wave vortex, the lowest-energy core state forms a ring
structure with a finite radius Rcore = R0/
√
2 ∼ ξS , where
R0 is the vortex radius.
31 A finite d± id′ state will push
this core state to higher energies, at the same time in-
troducing low-energy chiral edge states. Since the d± id′
states reside firmly within the vortex core, we find that
the edge states have a radius Redge < Rcore at T = 0. As
T increases, the d± id′ states become slowly weaker and
the edge states start to hybridize with each other across
the d± id′ domain, resulting in higher energies. At some
temperature the radius of the lowest energy state will
therefore jump from Redge to Rcore.
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FIG. 3: (a) Average radius of the lowest energy state in
the vortex core as a function of temperature for J = 0.67
(Tc,J = 0.01Tc,U ) (black, ×), J = 0.7 (Tc,J = 0.015Tc,U )
(red, ◦), when U = 1.7, µ = 0.5. Corresponding curves for
J = 0 (dashed), using Ueff such that the bulk energy gap is
unchanged. (b,c) Contour plots of the lowest energy state for
J = 0.67 at the temperatures indicated in (a) with line spac-
ings 0.0005 and white lines representing zero. (d,e) Contour
plots of the d + id′ amplitude at the same two temperatures
as (b,c) with line spacings 0.001.
The temperature behavior of the radius of the low-
est energy state is displayed in Figs. 3(a-c). The dashed
lines show the radius for J = 0 (Rcore), whereas solid
lines show the radius for finite J , where both systems
have the same bulk energy gap. We clearly see a sharp
jump in the radius for the finite J system with increas-
ing temperature, jumping from a radius defined by the
d± id′ edge states to that of the vortex core state. This
drastic change in radii happens at a temperature roughly
ten times the intrinsic Tc,J , which makes for favorable ex-
perimental conditions. In Figs. 3(d,e) the d + id′ order
parameter for temperatures just before and after the ra-
dius jump is shown. There is a notable change in the
order parameter profile, but the d + id′ state still exists
for the higher temperature, even though its edge state is
clearly no longer the lowest energy state. The relatively
small radii reported in Fig. 3 are a consequence of the
strong superconducting state. For more realistic s-wave
vortex cores, both Rcore ∼ ξS and Redge < Rcore will be
larger. However, we still expect a sharp jump in the ra-
dius of the lowest energy state when the gapless d ± id′
edge states disappear from the low-energy spectrum as
the temperature is increased. This spatial change in the
low-energy local density of states thus produces favorable
experimental conditions for discovery of the chiral d-wave
superconducting state in doped graphene by STS.
IV. CONCLUSION AND DISCUSSION
In summary we have shown that intrinsic chiral d±id′-
wave superconducting pairing in doped graphene can be
significantly strengthened in the core region of a doubly
quantized s-wave superconducting vortex. For an n = 2
vortex we find a finite d + id′ state in the center of the
vortex core, where the center-of-mass angular momentum
of the n = 2 phase winding has been transferred into the
orbital angular momentum of the Cooper pairs of the
d+ id′ state. The d+ id′ state is always accompanied by
a d − id′-wave state, which is located around the center
and with a phase winding of 8pi.
The appearance of d ± id′-wave pairing in the vortex
core can be described by a multiple-step proximity ef-
fect. When graphene is put in close contact with an ex-
ternal uniform s-wave superconductor, a uniform s-wave
state is proximity-induced into the graphene. A uniform
s-wave state couples strongly to all other possible super-
conducting s-wave states. If there are finite d-wave pair-
ing correlations in a material, there is also necessarily an
extended s-wave state possibility, which does not break
fourfold rotational symmetry but in general has some
k-space dependence. Even though the extended s-wave
symmetry is subdominant to the d-wave symmetry in the
bulk, it becomes favored in a graphene-superconductor
hybrid structure. Thus the external s-wave supercon-
ductor also induces extended s-wave pairing in doped
graphene. Even when the intrinsic transition tempera-
ture for the extended s-wave order is only a fraction of
the transition temperature Tc,U of the proximity-induced
6uniform s-wave order, it survives with essentially no tem-
perature dependence up to temperatures of the order of
Tc,U . In the vortex core the externally induced s-wave
order is suppressed and with it the extended s-wave or-
der. Instead, the center-of-mass angular momentum of
the extended s-wave state is transferred into the orbital
part of the Cooper pairs, producing a finite d+ id′ state,
with an accompanied d− id′ state.
The strong coupling between the different s-wave
states and the circular geometry of the vortex core give
very strong d ± id′ states in the core. We find that the
amplitudes of the d± id′ core states have a temperature
dependence [1 + (T − Tc,J)2]−1, where Tc,J is the intrin-
sic chiral d-wave transition temperature. There are thus
significant d± id′ core amplitudes even for temperatures
many times larger than Tc,J . This means that even if the
Tc,J is too low to be measurable in the bulk at experi-
mentally achievable doping levels, its enhancement inside
vortices offers an encouraging alternative route for dis-
covery. Doubly quantized s-wave superconducting vor-
tices in doped graphene therefore present a very promis-
ing avenue for an experimental discovery of chiral d-wave
superconductivity in graphene.
Since a d± id′ superconductor has gapless edge states,
we find no clear signatures in the vortex energy level
structure from the d± id′ core states. However, we find
that there is a notable difference in the spatial distribu-
tion of the lowest-energy vortex core state when a d± id′
core is present. The lowest energy state in a doubly quan-
tized vortex is centered around a finite radius of the order
of the superconducting coherence length. In the presence
of d ± id′ pairing this state is pushed up to higher en-
ergies, while instead an edge state of the chiral d-wave
order becomes the lowest energy state. Since the d-wave
order lives firmly within the vortex core, the edge state
has a smaller radius than the original vortex core state.
At some elevated temperature, up to ten times the in-
trinsic d-wave transition temperature, the chiral d-wave
order becomes too weak to support a low-energy edge
state and there is a sudden jump in the radial distri-
bution of the lowest energy state, from the edge-state
radius to that of the core-state radius. We therefore sug-
gest to detect chiral d-wave superconductivity in doped
graphene by studying the temperature dependence of the
low-energy local density of states in a doubly quantized
s-wave superconducting vortex core.
Finally, let us briefly discuss the prospects of gener-
ating an s-wave n = 2 vortex in graphene. In our sys-
tem the n = 2 vortex in graphene is proximity-induced
from an external superconductor. Thus, it is necessary
to use an external s-wave superconductor which can sup-
port n = 2 vortices. Doubly quantized vortices have
been observed in several different superconductors both
at high magnetic fields in thin Pb films,23 as well as in the
presence of pinning centers.24,25 Using a magnetic field
for this purpose will necessarily also induce Zeeman pair-
breaking for any spin-singlet pairing, including the d±id′
core state. However, the critical field in type-I Pb used
in Ref. 23 is only ∼ 800 G, thus causing a Zeeman cou-
pling significantly smaller than 40 mK, and we therefore
believe we can safely ignore this small effect in the above
calculations. Also, a d± id′ core stabilizes the n = 2 vor-
tex as it adds superconducting pairing to the core. This
latter effect has even been suggested to make n = 2 vor-
tices energetically favorable over n = 1 vortices near the
critical field and at low temperatures.15 If instead we use
pinning centers in the external superconductor to gener-
ate n = 2 vortices, the d+ id′ state might be suppressed
at the pinning site due to disorder scattering. We note
though that the pinning site and the graphene d + id′
state are spatially separated, which might still make pin-
ning centers a feasible route to generate a d± id′ vortex
core state in graphene.
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